The muon gµ − 2 discrepancy between theory and experiment may be explained by a light vector boson Z d that couples to the electromagnetic current via kinetic mixing with the photon. We illustrate how the existing electron ge − 2, pion Dalitz decay, and other direct production data disfavor that explanation if the Z d mainly decays into e + e − , µ + µ − . Implications of a dominant invisible Z d decay channel, such as light dark matter, along with the resulting strong bounds from the rare K → π + 'missing energy' decay are examined. The K decay constraints may be relaxed if destructive interference effects due to Z − Z d mass mixing are included. In that scenario, we show that accommodating the gµ − 2 data through relaxation of K decay constraints leads to interesting signals for dark parity violation. As an illustration, we examine the alteration of the weak mixing angle running at low Q 2 , which can be potentially observable in polarized electron scattering or atomic physics experiments.
I. INTRODUCTION
Dark matter constitutes about 22% of the Universe's energy-matter budget [1] . However, its exact nature remains elusive. Various speculative ideas have been proposed based on cosmologically stable candidate particles ranging in mass from below 1 GeV to above 1 TeV. Beyond gravity, dark matter interactions and other properties such as spin and extended spectroscopy are also uncertain, with conflicting evidence coming from sensitive underground experiments and astrophysical measurements.
An interesting generic property of some dark matter scenarios is the existence of a broken U (1) d gauge symmetry in the dark particle sector. Originally introduced to explain various astrophysics anomalies such as high energy positron excesses or 511 keV photons originating from the galactic center [2] , it has also been used to provide a novel explanation [3, 4] for the 3.6σ discrepancy between the muon's experimental anomalous magnetic moment, a µ ≡ (g µ − 2)/2, and the Standard Model (SM) prediction. Employing the U (1) d gauge symmetry to accommodate this discrepancy is the guiding focus of this paper. In the simplest scenario, the low mass U (1) d gauge boson known as the dark photon (or dark Z), Z d , interacts with the SM particles via kinetic mixing with the photon, parametrized by ε ≪ 1.
Existing experimental constraints on ε as a function of m Z d are reviewed and updated in Sec. II. There, we discuss the region of parameter space favored by the discrepancy between measured and predicted values of a µ as well as the bound (roughly m Z d 20 MeV) that follows from a comparison of experiment and theory for the electron anomalous magnetic moment. Bounds from π 0 → γZ d searches in Dalitz decays, π 0 → γe + e − , and direct Z d production in electron scattering are also displayed.
Except for a µ and a e , most dark photon constraints assume BR(Z d → e + e − ) ≃ 1 for m Z d < 2m µ [5] . Those bounds can be significantly relaxed if instead light "dark" particles exist with masses less than m Z d /2 and dominate the branching fractions via Z d → invisible decays [6, 7] . However, as we describe in Sec. III, the decay K + → π + + missing energy constraints then apply and continue to rule out large parts of the dark photon parameter space favored by the g µ − 2 discrepancy. In particular, the regions around m Z d ∼ 100 and 200 MeV are already severely constrained.
In addition to the K ± → π ± Z d loop induced amplitude that arises from kinetic mixing, an amplitude of potentially similar magnitude can also arise from Z − Z d mass matrix mixing. We briefly review the latter formalism in Sec. IV. If destructive interference between the two amplitudes occurs, the K ± → π ± Z d bound can be significantly relaxed as shown in Sec. V. Such a cancellation requires a relationship between ε and the size of mass matrix mixing parametrized by a small quantity ε Z . We describe in Sec. VI how that relation leads to interesting definite predictions (dark parity violation) that are potentially observable at low Q 2 in the running of sin 2 θ W (Q 2 ), where θ W is the weak mixing angle. Finally, in Sec. VII, we present our conclusions.
II. THE STATUS OF DARK PHOTON SEARCHES
The interaction of a dark photon Z d corresponding to a broken U (1) d gauge symmetry in the dark particle sector with the SM is induced by U (1) Y and U (1) d kinetic mixing [8] in the Lagrangian
where
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and |ε| 10 −2 is a (potentially loop induced) mixing parameter. It can be viewed as an effective counterterm whose value is to be determined experimentally or in some models may be finite and calculable.
After field redefinitions employed to eliminate the cross term in Eq. (1), a coupling of the dark photon to the ordinary electromagnetic current is induced.
where Q f is the electric charge of a given fermion f and the ellipsis represents non-fermionic currents. At leading order, the effective coupling is basically given by the γ − Z d mixing parametrized by ε. Since |ε| is very small, the next-to-leading order ε 2 as well as O(ε m
2 Z ) effects can be neglected in the phenomenology we consider in this paper.
An attractive feature of the dark photon model is that there are only 2 parameters in its phenomenological description: dark photon mass (m Z d ) and kinetic mixing angle (ε). The effective coupling of the dark photon to SM particles is the same as that of the photon but suppressed by ε. Figure 1 shows the dark photon parameter space (in the m Z d − ε 2 plane) along with the constraints from the electron and muon anomalous magnetic moments. These bounds are more robust compared to most other constraints, such as those from dilepton bump searches from Z d decays, in the sense that they do not depend on the assumed decay branching ratios of the dark photon.
The muon anomalous magnetic moment theory and 
experiment exhibit a 3.6σ discrepancy [1] 
with a slight change in the last digit made from a recent improved QED calculation [9] , Higgs mass of 126 GeV [10, 11] , and a small change in the experimental value [1] . The long standing discrepancy could be an early hint of new physics [12] , assumed here to be the Z d . A one loop contribution of the dark photon to the a ℓ (ℓ = e, µ) [3, 4, 13, 14] is given by
The parameter region of the dark photon that accommodates the a µ deviation, using the fine structure constant α = 1/137.036, is indicated by the green band (90% C.L.) in Fig. 1 . That figure also contains the a µ bound at 3σ C.L. and a e bounds at 3σ, 2σ, and 1.64σ (95% as it is one-sided) C.L. using the constraint
of Ref. [9] . The ∆a e value was significantly improved recently [15] [16] [17] by updates in the value of α and improvements in theory [9, 18] . In the subsequent plots, we will employ only the 2σ bound on a e . There are additional bounds on the dark photon parameters from various experiments (Fig. 2) . They include beam dump experiments [19] , rare meson decays (Υ decays at BaBar [20] , φ decays at KLOE [21] , π 0 decays at SINDRUM [22, 23] , WASA-at-COSY [24] , HADES [25] , η decays at HADES [25] ), and fixed target experiments (MAMI [26] , APEX [27] ). There are also preliminary bounds from KLOE 2012 for high mass region (m Z d > 600 MeV) [28] and the PHENIX experiment at BNL RHIC (π 0 decays) [29] . Furthermore, there are ongoing and proposed experiments to test the remaining green band and other parameter space. CERN NA48/2 experimental data (Dalitz decays of π 0 from K ± → π ± π 0 ) are under analysis and their sensitivity can cover ε 2 several ×10 −7 [30] . There are direct dark photon searches which use an electron beam with a fixed target of typically high atomic number [20] to produce Z d s. The radiated dark photon can decay into a dilepton forming a resonance over the smooth SM offshell photon background (γ * → e + e − ). At Mainz, MAMI 2012-2013 experimental data are under analysis [31] . At Jefferson Lab (JLab) in Virginia, there are 3 proposed or approved searches for the dark photon (APEX, HPS, DarkLight) [32] using fixed target experiments. Similar searches have also been proposed using the VEPP-3 facility [33] at the Budker Institute in Russia . For a recent discussion of the signal and background estimation in the fixed target experiments, see Ref. [34] . Figure 2 shows the currently available bounds on the dark photon parameter space from the aforementioned experiments for a typical mass range of m Z d ≈ few MeV− GeV. (For an overview and overall constraints for wider ranges of parameter space, see Refs. [5, 35] .) Most of these bounds depend on the dark photon decay branching ratios and generally assume
for m Z d 300 MeV. The current published constraints, including a 2σ bound from ∆a e , only allow a rather tightly constrained parameter region in the green band:
. Most of this region will be covered if we include preliminary bounds from the PHENIX experiment [29] . Note that the ∆a e bound is expected to improve with ongoing or planned efforts in the measurement of both a e and α [36] , which are independent of the Z d decay branching ratio. In short, nearly the entire green band that can explain the a µ deviation is already excluded or under close scrutiny by various experiments, as is clear from Fig. 2 .
Many of the constraints in 
in the dark photon limit (δ = 0, solid line) and the pure dark Z limit (ε = 0, dashed line), as a function of mZ d for both ε (dark photon) and δ (pure dark Z). Here, m H ± = 160 GeV is assumed.
as an interesting range for discussion. The upper bound in that range is somewhat arbitrary, but appropriate for the models we subsequently consider. We do note, however, that for larger q d 2 light α d ∼ 0.1 experimental constraints from beam dump experiments [37, 38] are already providing interesting bounds. They effectively assume Z d boson production (∼ ε Instead of explaining constraints from beam dump experiments, which is beyond the scope of this paper, we will next concentrate on the decay 
III. DARK KAON DECAYS
As seen in the previous section, flavor conserving meson decays provide strong constraints on dark photon phenomenology. We now consider the impact of flavor changing kaon decays on dark photon parameters. Earlier discussions about Z d implications for meson decays in various contexts can be found in the literature [4, [43] [44] [45] [46] [47] [48] [49] .
From the formalism given in the Appendix, the rate for
, assuming a kinetically mixed dark photon, is given by
which is consistent with the results in Ref. [4] . This process is suppressed for small m Z d and m Z d ≃ m K − m π (the end of phase space). The branching ratio associated with the rate in Eq. (10) is presented in Fig. 3 by the solid curve, as a function of m Z d . Eq. (10) and the uncertainties of the experimentally measured branching ratios of
This result does not give significant constraints over the existing bounds of ε 2 10 −5 in the parameter region of interest m Z d 300 MeV (cf. Fig. 2 ), for typically assumed BR( Figure 4 (a) shows the resulting constraints of this "K → π + nothing" search on the dark photon model for BR(Z d → missing) = 1, but scaling to 95% C.L., using Eq.(10). Rather large areas in the a µ favored green band are excluded, i.e. the orange shaded regions around m Z d ∼ 100, 200 MeV. The dotted and dashed lines correspond to the constraints from e + e − → γ + 'invisible', adapted from Refs. [41] and [53] , respectively, based on BaBar results [54] .
We see that these bounds together eliminate much of the a µ band, leaving only small regions of parameter space to accommodate the g µ − 2 discrepancy.
The CERN NA62 [55] and the proposed Fermilab ORKA experiments [56] (precision measurements of K → π + nothing and other rare K decays) will increase the K → πZ d sensitivity by at least an order of magnitude, and the kaon decay exclusion curves in Fig. 4 may be accordingly lowered.
IV. DARK Z AND Z − Zd MASS MIXING
While the dark photon, whose coupling is mainly proportional to the electromagnetic coupling, can be realized using a relatively simple mechanism for the Z d mass (a condensing scalar Higgs singlet or Stueckelberg mechanism [57] ), a more general Higgs sector -for instance, a two Higgs doublet model (2HDM) -could lead to mass mixing of Z d with the SM Z [47] . In this expanded framework, the interaction Lagrangian of the Z d with the SM fermions includes both γ − Z d mixing as well as
is the weak neutral current and T 3f = ±1/2 [47] . An additional parameter ε Z is present to describe the Z − Z d mixing. In this case, the vector state Z d is dubbed a "dark Z" to emphasize that it also has Z-like couplings.
In the dark Z model, there are 3 independent parameters needed to describe the phenomenology: the dark Z mass m Z d , kinetic mixing parameter ε, and the Z − Z d mass mixing parameter ε Z . Thus, the dark photon model can be viewed as a special case (the ε Z = 0 limit) of a more general dark Z model. (We note that kinetic mixing will yield ε Z ∼ ε m
We do not consider that small effect, for m Z d < 1 GeV, here.)
The Z −Z d mixing gives rise to interesting phenomenological features, such as providing a new low mass mediator of parity violation, that are typically absent in the light dark photon models. Also, at energies large compared to m Z d , the longitudinally polarized Z d dominates and has an enhanced coupling of order (
The Goldstone boson equivalence theorem [58] implies that the longitudinal dark Z mode at high energies exhibits properties similar to an axion and one can use computations involving the latter to estimate the rates for processes associated with the former [47] .
The Z − Z d mass mixing parameter ε Z in Eq. (12) is further parametrized by
and the mass-squared matrix (in the ε = 0 limit) can be written as
for m
For more details about the formalism, see Ref. [47] .
The bounds on δ come from various experiments including low energy parity violation, Higgs decays, and flavor changing rare meson decays. The typical bounds are |δ| 10 −2 − 10 −3 , depending on the mass and decay branching ratio of Z d [47] . The low momentum transfer (Q) parity violation experiments provide significant constraints on the parameter space, as the effect vanishes for
. They include atomic parity violation and polarized electron scattering experiments [47, 59] .
The dark Z model opens a new window into the "dark sector" through the Higgs boson at the LHC experiments [47, 60, 61] . Unlike the simple dark photon model, the dark Z leads to a small but potentially measurable H → ZZ d decay, which is from the SM H → ZZ process with a Z replaced with 
V. RARE KAON DECAYS IN THE PRESENCE OF Z − Zd MASS MIXING
We now revisit the K ± → π ± Z d decay in the dark Z model. This process was discussed in Ref. [47] with the Z d replaced by an axion, which is possible for the longitudinally polarized Z d (Goldstone equivalence theorem). Here we employ a similar but more comprehensive approach. We take a coupling adapted from the axion approximation (∝ ε Z ), along with that from kinetic mixing (∝ ε) so that we can describe both interactions and their interference effects. The formalism for K ± → π ± Z d is given in the Appendix, where more details are provided.
The more general decay width for
with A and B given in the Appendix. As discussed in the Appendix, A has been assumed to be real, but a ± sign arbitrariness has been included to reflect uncertainty in the long distance amplitude sign of A.
In the pure dark Z limit (ε = 0), we get
where X 1 [64, 65] depends on the charged Higgs mass and top mass and is plotted in Fig. 5 . Note that the above rate does not vanish as m Z d → 0. The suppression for small m Z d in dark photon model does not necessarily occur in the dark Z model. The dashed curve in Fig. 3 represents BR(K ± → π ± Z d )| εZ , with f + ≃ 1. This plot agrees with the result in Ref. [47] , which takes m H ± = 150 GeV and includes the small charm quark contribution, leading to a strong constraint δ 10 −3 (except for a region near m Z d ∼ m π ). A cancellation may occur between kinetic mixing (ε term) and Z − Z d mass mixing (δ term). In that way, the dark Z may be able to evade the K → π + nothing search constraints. While A is taken to be real, B is complex due to U * td U ts ≃ −(3.36 + 1.35 i) × 10 −4 , and there can be a cancellation between the A and the real part of B. A complete cancellation is impossible because Im[B] = 0, and its contribution to BR(K ± → π ± Z d ) must be smaller than the experimental bound given in Ref. [52] . 
for a given X 1 value (depending on m H ± ). It is interesting to observe that constraints on ε and δ are both alleviated for the destructive interference requirement.
VI. RUNNING OF THE WEAK MIXING ANGLE
In this section, we consider what type of experiments can still test the dark Z when the searches for dilepton bump or missing energy (especially, K → π + nothing search) miss the signals due to the destructive interference effect discussed in the previous section.
The dark Z can still modify neutral current phenomenology in the low Q (momentum transfer) regime [47] . The effective value of the weak mixing angle is modified for Q m Z d , which leaves the dark Z parity violating effect still visible in low energy experiments. As suggested in Refs. [47, 59] . Another type of low energy test is atomic parity violation [66] , which requires precise understanding of the heavy atom physics.
The weak mixing angle shift by the dark Z is given in Refs. [47, 59] as
) (for polarized electron scattering experiments) and f Q 2 /m 2 Z d ∼ 1 (for atomic parity violation of a heavy atom [67] ). We use sin 2 θ W = 0.238 appropriate for low energy physics. A convenient way to illustrate the effect of quantum corrections to γ − Z mixing is via the running of sin 2 θ W (Q 2 ) introduced in Ref. [68] . It describes the evolution at low energy primarily through quark loops (but with some small lepton effects) and then hits a minimum when W + W − loops effectively change the sign of the evolution slope at high Q 2 > 2m W . That SM plot will be modified at low Q 2 by the dark Z shift given in Eq. (20) . To illustrate the effect, we give in Fig. 6 modifications of the low Q 2 dark Z effect for specific values of m Z d = 50 MeV, 100 MeV and 200 MeV. Definite nonzero correction bands are predicted for m Z d = 100 MeV, 200 MeV assuming that the dark Z solves the g µ − 2 discrepancy and satisfies the bounds in Fig. 4 .
The shaded regions (potential deviation of weak mixing angle) clearly show that the effect of the dark Z is visible for Q m Z d . The two branches of each curve correspond to a potential sign ambiguity of εδ in Eq. (20) that could result from QCD effects in the relative sign between A and Re [B] . In principle, this sign, required for the cancellation between the two amplitudes, may be determined through a detailed analysis of QCD corrections to the amplitudes. However, such a study is outside the scope of this paper. We simply plot both possibilities to show the form of the expected effects in each case.
There are ongoing or planned low energy polarized electron scattering experiments including JLab Qweak (ep) [69] , JLab Moller (ee) [70] , and MESA P2 (ep) [71] . For recent reviews on the low energy weak mixing angle measurements, see Refs. [72, 73] . As is clear from the sensitivities indicated in Fig. 6 , a deviation in the weak mixing angle by dark Z can be large enough to be tested by these low energy parity measurements. Furthermore, using the difference in average momentum transfer (Q) of these experiments, including the atomic parity violation, it may be possible to fit the data to constrain the mass and couplings of Z d if deviations from the SM predictions arise.
VII. SUMMARY AND CONCLUSIONS
In this paper, we examined the properties of a hypothetical dark photon (or dark Z), which was proposed to address various astrophysical anomalies and the deviation in the muon anomalous magnetic moment. We discussed current bounds and near future sensitivity, including a detailed discussion of implications from the electron anomalous magnetic moment.
We also considered scenarios in which the dark photon decays primarily into light dark matter or other invisible particles, where the typical searches assuming BR(Z d → ℓ + ℓ − ) = 1 would not be sensitive to the signal. This case is timely as the current experiments based on bump searches in addition to the electron and muon anomalous magnetic moment are tending to exclude most of the preferred ε parameter region that can explain the 3.6σ muon g − 2 discrepancy. Considering that there are active analysis of existing data and numerous future experiments, it is expected the whole region will be tested soon and possibly ruled out. Of course, a more interesting outcome would be discovery of the dark sector.
Interestingly, the K → π + nothing searches (BNL E787+E949) can exclude the scenario of dominant Z d decay into invisible particles in large parts of the dark photon parameter space. Used in conjunction with recent bounds from e + e − → γ + 'missing energy' [41, 53] (based on BaBar results [54] ), one can significantly constrain the g µ − 2 preferred ε parameter space. We emphasized that for the dark Z, which is essentially a dark photon with a more general coupling, we can potentially evade the current rare kaon decay constraints on missing energy searches due to the possibility of a cancellation between the kinetic mixing and Z −Z d mass mixing. As the light Z d contribution to the muon anomalous magnetic moment is independent of its decay branching ratio, the Z d can still remain as the solution to the muon anomaly. In this case, low energy polarized electron scattering as well as atomic parity violation predictions can provide sensitive tests of that scenario. The amplitude for
where we have used ǫ µ (q) q µ = 0 and the hadronic matrix elements
with f + (0) = 1. We have allowed for a ± arbitrariness in the relative sign of A and B because A is dependent on long distance QCD effects that could change its sign. We also assume that A is real in our discussion. In principle, it could have an imaginary part. We avoid that issue by focusing on m Z d < 2m π , since imaginary parts are due primarily to 2 pion intermediate state in the chiral expansion [74] . Taking the formalism introduced in Ref. [4] (for A) and Refs. [64, 65] (for B), we have 
where we have included only a dominant top quark loop term in B. (For an approach based on the SM loop induced photon and Z couplings, see Ref. [75] .) The dark photon case corresponds to δ = 0, and the pure dark Z limit is obtained for ε = 0. The function W is given in Ref. [74] . [64, 65] , plotted in Fig. 5 , depends on the charged Higgs mass and top mass, for which we use m t = 163 GeV (the QCD corrected value in the MS scheme).
The decay width for
with λ(x, y, z) ≡ x 2 + y 2 + z 2 − 2xy − 2yz − 2zx and the amplitude squared written as 
